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qRoTme gred #R ofdT g1 10T i iaaries sam & g
T§ T S § F A FId ORO-WERF  IRFAdr
(Mnemonic) g1 arEda #, & AR #r afvid sitfcT
HAT (Limit) N FGURUT & -5 dhf & AEIH J
HoaRe §7 &7 W UG 8, dr dy 3R dx &
Hachel el FRAUGHS Ahlad e & T P
TG A0 31fedca A&7 A=A ST

g afe 78 Y & o) @@ 3R & & &, o @71 T
Aol Teh TV HES ikl X 82 S8 YT T 3 8l
#H g1 T 1960 & cUd H 3N§EH el o 39T 3
e e & aArewA @ 78 Ry fFar 3k RA=w
f&9evoT (Nonstandard Analysis)mmmaﬁ'
TR Tdr|
sfa-gaa ol #1 dftrea sfaewr

FEdl A # S eSS g 3R s oA
asafesl @ TWAT 1 H Fad (Calculus) & Ffddrest
Far, a9 a=r Hﬁ-ﬂ'\ﬂ-ﬂ' TRIAT (Infinitesimals) T
et §7 @ 39er har) 3 ol aRr A 7, S
IRAT JAF UeAlcHS adfas T&ar & 8 BT g &,
fohq & = 781 gl wdcs, aal & @ 1g o 75 qfr
WE TdNols &I ¥ TISC g1 X ol foh aredd &
Ha-gaa Tf Fr g1 AR o, anafas @R @ auie
WA H T FTURCT I garaeiielar & 39+ 987 H &g
FST TATT | FAT ThAATES A FAT AT AN T
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Figure 1. Abraham Robinson (c. 1970)
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Figure 2. Bishop George Berkeley?

Figure 3. Frontispiece of The Analyst’
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SO 3¢ ST F TAI WON| Iewdl rdedr H
iforftes g5 el 3R For asaEe & TRwde Seal
(e-6) Tagerwor & JfuaiRe ® v ham| 58 a6 o
TEr Jeufd Foled T FOR TG Aol A0 TR
& ¥ H TR A SAEr @ gl

2]ohn Smibert, Public domain, via Wikimedia Commons

3George Berkeley, Public domain, via Wikimedia
Commons
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AR 3ol GRCE qedeh g1 H

o ahere, (Y &7 & gfaww f@guid (Model
Theory)ﬁﬁ%ﬁﬁﬂmm?,ﬁﬁﬁﬁﬁ
rEdfad FEITAT T T T AEATRd JF FHoR Ao
R W AT e, G sfa-gee ofer aeafes
T a&g3it & &9 A faegAE g1 58 faediRd a7 &
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50 foraiRa d&ar d7 & fageard &’ (Hyperreal
Numbers) &gl ST &, IS99 "R g@rr fwfd frar srar
2l s @ gHEeT aedfde gea]d gfEafag gy €
ey & & 7 TR A Rt o @ g

ugeh § Jfa-ged uREl W vareAs gead, st yds
UAlHS adias dear ¥ i oI g € Jur 3 s
HUMcHAS GAFET| I U uelicAs fa-ges i §, o
9% Wi HEAT n & AT & <1/n G Tl &1 @y
£ 3rtea 3fagaTy HEATT (Unlimited Hyperreals)| 3 31fa-
A R & egcshA  (Reciprocal) gar § 3R u3w
arEdfas FE&ar ¥ 99 g £

g% AT AT T x F O IEANT AR T
(Standard Part) greT g 59 st (x) c@rr aefa fear
e ¥ ¥ 98 A areafas wedr &, e x sfa-
&A gt W Ud g 1 3areor & faw, iy e v sfa-
H\&"ﬂl‘l‘f%\r%, ?—ﬁst(3+ €)=3 gl

A A7 REaRa @& 99 3R aFeg aedias
qEA & O U A F R A o

4T AT AT HHRSF (Standard Part Operator) & HROT
AT & I H IHI-GEA AT HT VIS A A YlHAT HT
HTAITAT SioT Fehel of S9ToTaT ief TcTear Tger 1 |
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Figure 4. Schematic of the hyperreal line showing the

limited and unlimited hyperreals, as well as the

infinitesimals and the halo of hyperreals infinitely close
to .

‘R & U HAd Hecaqol auT, St 56 HqoT f@euia &
AT yeieT X g, TRV fAguid  (Transfer
Principle) §| WA &9 &, Ig euid gafRad awar §
o TTYRUT aedfas TEAT3AT (Real Numbers) & fow Icg
g GUH FHA IO FHod dfagard eIt & fav
ot g 9= @l B

sfauary dEa? uh FAGEY &9 (Ordered Field) T
AT e & e YAl (Nonzero) 3ifaamey Tear
F  Th GohH  (Reciprocal) gar g TueEaRa
(Transferred) @B Weld Y PFfa@d g&ea@@sr
H@WEF{HT% sinzx+coszx=1|$?ﬁwmmﬂ'3ﬂ?d
T o AR B g1 FAGicRor fAeuid & a@
ﬂﬁﬁﬂﬁ war g & H’ﬁf-ﬁ'\&ﬂ' AR (Infinitesimals) &
Y FT S arelr AU FI o HTHE AT T fersanst
&1 3R AE o S|

T 3eTERor

3 #H Fde TR H Fam ¥ v v AT 3eeen &
AETA § I TeRid Feer fF cgaeR & IR-AeTe geryor
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(Nonstandard Analysis) 3T fe@ms <ar &1 & 3eTeIor s
el Tt U fAEToT HEl FHIGANT BT TS T A
3SR A B

x? T 37@elsl (Derivative)| Hleidh (Standard) Jedfd #
$H HTHAS HT AU F & o0 Ty AaUEGEd oI
T GTeled FT USAT & | TGY Tgol 3 HARTRS (Difference
Quotient) (f(x+h) f(x))/h R AR Far smar g1 s8% &g
g ey fFar Jrar § 6 19 h—0 8iar &, a9 38 HeTha
Fr @HAT (Limit) A¥ded & gdr g, IUT Ig TR 2x &
T BT &1 IF aF eI gEuEgEes AR A
qﬁi’@%’ﬂ(mgorous) g, ﬁwsﬁaggmaaamaﬁﬁ
3R F Feor gNT Qi &1 Tt & v & @ A
R ARThA TR SISO (Algebraic) ARRATT et
gadr & Jar Iy & AT (Limiting Process) @7 /@Yo
o 3 d& FEAT T5T B

3faame (Hyperreal) selel & I8 HE!'\UT AT Had TH
O &R (Algebraic Manipulation) de TfAT &
ST &1 71T ST F e Q]\F’EHT Hﬁ-ﬁ&ﬂ (Nonzero
Infinitesimal) HEAT & ds:

(x+£j:—x:
£

2
_ Zxste

=2x+E.I

ﬁ'cs X W x° F 3adhelol (Derivative) 3d, IRATYT &
IR, 39 UMY & AT AT (Standard Part) & FT
T BT & st(2x+€) =2x.

€T ¢ R 3 0T & A R &1 5Oe 347 & duRe
& ¥ e O FT T T F 300 W G g, e
AAE (Standard) U FT a6 TH-gEX § 33T & &
Jgell TRUT 3R HEThe (Difference Quotient) & TXel
A @ dEfordT ufkar 8, Sefd qEa W I
fuiia ae & feawones afk § & a9 gefr
(Increment) SHHRM: T g’é’ FHI-Fe# 8 Siell &, a9 3R
TRl T &FIT TG®T gidT &1 IR-FATAF (Nonstandard)
3URTH A ugel ¥y (Hyperreal) edsleh W FHdol
Foerforda @frad & St § 3R 3T A 3T AwE
$T (Standard Part) foram Jram &1 39 weufa & Briec)
N&1f01 T (Pedagogical Benefit) I8 & &5 ﬁa}ﬂ?ﬂ' TIsc
& F A Uit § fF Foll (Calculus) aEad & o uea
FT IR Tielar -3, I a@'ﬁ (Increment) 3fA-H&H
(Infinitesimal) & ST §, A9 37X HETHe (Difference
Quotient) fre &7 # aRafdd giar §2-3R a@ Ao weaT
AT (Limit) & sqaie afear & Seadsit & sRor
3EqST G BTl

HATdcT (Continuity)

GO 3ETEX0T W (Continuity) 1 GRS & Hfdd &
A TSTTEH H FHH IRATT 38 THR &7 A1 &
Il 9AF €20, F fAT FF 6>0 OFT 3ifETcad H &' & |x-
al<§ B W |f(x)-f(a)] < & &, @ Beiet f, Tg a W il
(Continuous) FgalTaT |
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s qRemwr & qfeat @ et & o & ger g
3% for #fF@Es ® & ggFd qfATOTR  (Alternating
Quantifiers) S Tamfas & & Sfea gdia g § -
fafdeer TR & et §U SAel & FHAWT 5T ST &, orah
IRUTATIET T (Continuity) FI JTURVT &I TIST T
H AT & ST Ig IRHATYT 3R SAEACHAS &TAT
F HA H ol Bl

I-ATTH (Nonstandard) IR 5T YHR §: A Folel
f, Fslg a I 9dd (Continuous) ds 3R Faer a9 FHgrar
g 99 U+ Hﬁ-ﬂ'\&'ﬂ' (Infinitesimal) TEAT & &
T st(f(a+e))=f(a) BT

ATIRUT AN & g1 31T & aﬁ%ﬁg’c"(lnput)aﬁfaﬁ-
eH AET @ aRafda BRar S, | 3m3ege (Output) 7
o srfteras sifa-gaar amr & & aRade grem

qIEdd H, TET 98 Teol 9y (Intuition) § T T fFTar
(Engineer) 3k #ifde &N (Physicist) & THI &
AT (Continuity) & IR H I@d 3T g1 IR-AWH
faeevor H IET desT IRV 39 A& (Formal)
gfemsT &1 & o AT 7l

FHATT AT (Uniform Continuity) &7 3TUROT & Tgey
58 geufd @ a0 a7 (Pedagogical Advantage) 3R
o 310 Tose @ ST &1 AE (Standard) Tdflﬁ H,
THATT AT AT ATdcT (Ordinary Continuity) & hael
59 a1d # fHeet gar § fo aRAwERr (Quantifiers) T e
FeoT ST 3727 UAF ¢ & T T AT § dcad A
mg,ﬁmm(Domain)a?mﬁg}ﬁa?ﬁU
THE 7§ FE AT &1 Fg 3o} et ar geemen
Head g R w: FHSaT AR ST B

za% famid, IR-A\& (Nonstandard) qa’f—'l'% H IS Bolel
f, AR | W FAR &I F Fdd (Uniformly Continuous)
9 FEAlT &, 39 dgl G998 st(f(x+n))=f(x) 3icRTel 1 &
sfagerd fear 1 & uAF 3fagay (Hyperreal) ﬁg
& U & gl 30 YR, IRAR & FHA H gl are
gRad=T (Quantifier Shift) &1 TAH 3T SAANT IRad
(Geometric Shift) o odr &1 37diq, Ry aedfas wele
N TAR Tdcg A Sitg 3A TGcT FAES (Continuity
Criterion) & &I ST g, ﬁv_(:l_; 3T 3 S {&H (Finer)
faigait & weeay W @ S gl
6j_'@?|T fA¥H (Chain Rule)
RT 3ETEIur 3}_’@?’” IGer (Chain Rule) ¥ gafaa g, 3R
THad: T RIS (Engineers) H TS IS
(Intuition) & FEH FemTaemel FANT FEJd Tl &l IS
z, y @ T 3aheleiid (Differentiable) HeleT § dT y, x
H TH HTHAAT Foled ¢, de..

de _ dz  dy

ax dy dx ”

Sdfelst  (Leibniz) @I Hehds-dgyfd  (Notation) T
faoreTorar 3@ gz & Rfea & & a8 gaaf@er (1dentity)
g’ &7 oY 39feYd dy # "fARET (Cancel)" #R S @
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T TarTfas aRoTH Jclid g gl %Q AT (Standard)
T g o CaT T Rieper 9 el ST 2,
FAIF dy/dx aEdd F S AU (Ratio) TET §1 AT hael
37gehelst (Derivative) 3T TARTIT el Tl Teh HohdellcHh
H&T (Notational Shorthand) #TT gl

HelEaEY, $HS TAT & fU U FeH T4 HEauEigds
deh T NTGThT iy &, Toad VET 3Tehelel (Estimate)
AfFa frar Sar &, St @@y IRomH vee &, o & dy
Fr fAET FLeT T UIST gidT| 3T HRUT 3eieh IRTAF holel
(Calculus) ITSThA TH UHOT &l 3FHA™e Sifead TF
el (Fiddly) AR 9T 818 ad &l

s fAuda, I-AEE  (Nonstandard) e & g
TN areaa & Y g &1 TeT dz, dy 3R dx @ef
rEdTaS Hﬁ-ﬂ'\&'ﬂ (Actual Infinitesimal) TRl §, 3127
T Ej"c{ﬁ?ﬂu (Increments) ST A9 3¢9 gl &, 51§ x &l
e Jfa-ged TR dx @ gRafdd fmar smar #

g8 YK, Slc'@lTvlT fSIH (Chain Rule) Faed 3T Hﬁ-ﬂ'\&-ﬂ'
f@e=t (Infinitesimal Fractions) & WIYROT 3{haTOIT
Tl (Arithmetic) & GROTHA &7 ST &, S TcIaT
eI (Direct Algebraic) TfhaT3T & ACIH A HAAH
HTIT (Standard Part) deh EI'\UﬁFfi aer g &l

g, 5w g’%cf (Mnemonic) #r forenfdat @ a8 T
FHHR A T FaT ST & [ 98 "o T Hohae (Just
Notation)" &, @& Ufe=aeT (Robinson) & IR-ATAH faReryor
# TaT YA (Proof) T & €ROT &Y oiar 2l

geuEH H Hﬁ'—!{&-‘ﬂ' ufAT (Infinitesimals in the
Curriculum)?

Erenash ®9 @ Teh A 3odm g IS AR fageiwor
(Nonstandard Analysis, NSA) 37/ TIse IRETVIV, TRl
AT AT Heol Y (Intuition) & TTY IgaR ATHIET
Yl T g, df T 30 &elel (Calculus) & 31eEATIeT Hr
A& (Standard) Jeufd & ®T #F AT F@T 9T IAT?
aEdg #H, Ufseasr (Robinson) & PR & JHRIA & 9
¥ TR qur T R A T e R R
I-AH fLVoT (NSA) FeleT F AT & AT Sear@=g
T el T &

TA 1976 # & dhArEAT (Logician) TT. SRIA HIAeR (H.
Jerome Keisler) & Elementary Calculus: An Infinitesimal
Approach #THe Tch HQ'\UT Felel (Calculus) T RICERISED
JRIfRAT Hr, S ‘Z‘I'\Uﬁﬂ': I-AA+ fIRVOT (Nonstandard
Analysis) X 3maTRa | I8 D AT {I%C’ q FOR
(Rigorous), FI'IH?II#TW O a8 aur FAd JIH 3R
TS gl Hel 2002 @ HER o 36 GEh A ¥:oh
3ieTSe 3Yelet AT g1 50 faREIN & 3ish UTSIhaAr
# 3w TR o 8, AR 3ueley 3Ewal & ITER I8
Fe1fOF (Pedagogical) gt @ 3T dhe ey §g gl
Y o, 5O dracg I8 feror geufa siftemer derfors
qIeasAT (Curricula) #H SM9& & & TERR 6T Hr T
T gl
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H. Jurame Keisior

ELEMENTARY
CALCULUS
An in

.Figure 5. Cover of Keisler's Elementary Calculus: An

Infinitesimal Approach.*

“H. Jerome Keisler, cC BY-NC-SA 3.0,

https://people.math.wisc.edu/~hkeisler/calc.html

I-AF  fA@WUT  (Nonstandard  Analysis, NSA) Hr
IaTRd AT T faw & 9 w8 sror ¢

guA, 9RFAT FEAT (Rational Numbers) & adfae
FEAT3T (Real Numbers) T AT 3313 e (Dedekind
Cuts) 31yar el 3gshaAl (Cauchy Sequences) & HTETH
§ AT Th AlTS ik §, 8 gl Afiger aRfad
g & iR O v afenh was Geandt ot =gaas
AT & AT AT ThdT &1 3 faudia, oz
FEA3t  (Hyperreal Numbers) &1 TR&ATOT  3fecifhecy
(Ultrafilters) & #egH ¥ Far aar g, 59F oo w86
3RF 3e1d aRAEAT  (Logical) 3maR 3 wrfordr
YU T HELIHT Il &1 safaT, afe HS reads
I 39 AR & Fefid geal T Gdiveids 3a
&7 & T gHied 9 @ SR 7 @, o 35F v fenfhE
o fogwy FEmEt & oy & ERya e
HaUEIIEE ARG ST HideT 8 Sam gl

gfad, S9 3eEA ST (Abraham Robinson) T H
1960 & &/ & YhITIT 3T, a9 TH &5 SitaReRar (e
8 Formalism) S9TH3T Ueh AATSST T "HAR el (Rigorous
Calculus)" &7 HH 3R &el ?:Eﬁ' o q@W’
RV, TToTshd TUT TIF TEATIHT HT TreToT T3t 32t
AT (Limit) T qReTST 9 3maRa & ot Rufa A&
IEUFHA H IR AT Fgall oIl TRl §, STIGR
3T &1 HfSeT B, TR a9 319 71§ ugufa & gred st
FI HIfAPRT (Transformative) & T had AT
(Marginal) AT ST &

30T & o, I-As faeevor (NSA) 39 3T &
S AT YAY Y AL AT Toleg Aleleh ATOIAT Teeicl
(Standard Framework) foe¥r & 7 Rigyiad: 3/@ad gl
®H ¥ HA deyifds gfSe A, Alth faeavor it 361 yAdT
I Ry = 7 Ha1A gl

e

Fl?ﬁ?’-T, Ig T Uge Ufd § fF 3f@Tar (Engineers) 31
$iifas e (Physicists), S 3ar &fas @t & -
qaA AT (Infinitesimals) FHr dwT F1 FF@HT & &
39T AT 8, I fRAT ®eR AT YR (Rigorous
Framework) dI® a8 &6 3MTaiRepar & a1 R-AH
fIeeWOT  (Nonstandard Analysis, NSA) @I 3TaeTehdT
HepeTd LT A
SO 9eR, I A0de Sedhr gfaws fageid  (Model
Theory) 9X 3MeTRA aiial (Foundations) H faeiw ¥far =g
I, HHTA: 3Oel fARAolcHs 3AgReal (Analytic
Intuitions) & cTFT Y F AT HIS AS IAOTAT HIET
q@ & gogs A8 @Il AP HRUT TE § BB e5 afar
SR MUIAT JATOT (Rigorous Proofs) Tdd &¥el & fow
e ¥, W @dE GROTH A g B sBEr @
sedfRe Frelt s R & 1o g8 @
T FAT?
50 TAT F 36T TE % &l oAel § T §H Foled
(Calculus) & EYUT UrSTHA H Gof: forw &ar =mfgwl A
Sedea SR e e T &1 # o ag G
BIESL é F S AR (Engineering) F1 Taezrdt dy
3R dx @ @ewRoer i @ HifT g wXar g, 9%
arEdd A HI$ AT e FET X QT giar| Tg HAIA3HT
AR Af0IaAr el & W 3T gem A I FeT e
o 3eTehl 3T W@l Hﬂm (Intuitions) & #S 3T
ST 3 Jeie A1 fohaT ST Fehcll|  Shelel 37UAT SAT9H
@ AR faeawor S safade s9 @ waey vy
F for ws & qa’ﬁilﬁf (One-Size-Fits-All Approach) T &efr
W AW] AT T e ¢, fava 3@ 1ol #ER
# 59 UNeEa (Robinson) & IN-AS eeror
(Nonstandard Analysis, NSA) = 3R 31fs HHCY FeArr
¥ O § B o R R @ @ e @ &
Jfd-ge# TRAAT (Infinitesimals) T TR 3TH dH
TR "ol TRt &1 39T #er & Sraeg IR
FE W @I ¢, a9 38 IE 9T o & F aeaq 7
38 @A Jfagard §EAnsl (Hyperreal Numbers) @T
& 0T TR fGeaAT §, S 3feawor $ gdaT &
w®r & 3R A 3 AT Rete 3Ee A e
(Keisler) T qE&Th o Wl 30 dpfous giSeepior At
IRTT T TqH|
dEF F AR A

FEAIT QTR

HETIH Ty, A0 fasrer o ot &, Sherqy

£l brahadeesh@iitj.ac.in
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