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Fractional θ-intersecting families

Definition (Balachandran–Mathew–Mishra 2019)
Let 0 < θ < 1 be a rational. A family F of subsets of [n] is called
θ-intersecting if for all A,B ∈ F , A ̸= B , we have

|A ∩ B| = θ|A| or |A ∩ B| = θ|B|.

“B θ-intersects A” “A θ-intersects B”

Note: when θ = 1/2, we also say that “A bisects B”, and so on.



Question.

What is the maximum size of a
fractional θ-intersecting family over [n]?



Example (Sunflower family)
Let Fs := {12, 13, . . . , 1n, 1234, 1256, . . . , 12(n − 1)n}.
Then, Fs is 1

2 -intersecting, and |Fs | = 3n
2 − 2.

Example (Hadamard family)
Let H be an m ×m Hadamard matrix in normal form, and let J be
the m ×m all-ones matrix. Let A1, . . . ,A3m be the rows ofH H

H −H
H −J

 ,

viewed as the {±1}-incidence vectors of subsets of [2m].

Then, FH := {Ai : i ∈ [3m] \ {1,m+ 1}} is a 1
2 -intersecting family.

Writing 2m = n, we have |FH | = 3n/2 − 2.
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Question.

Are these families extremal?



Even a linear upper bound is not known!

Theorem (Balachandran–Mathew–Mishra 2019)
Let θ ∈ (0, 1) ∩Q. If F is a θ-intersecting family over [n], then

|F| ≤ Oθ(n log(n)).

Conjecture (Balachandran–Mathew–Mishra 2019)
Let θ ∈ (0, 1) ∩Q. There is a constant c > 0 such that any
θ-intersecting family over [n] has size at most cn.



A closer look at the two examples

These two examples are at the extreme ends of a tower of
hierarchically 1

2 -intersecting families.

▶ In the sunflower family: for any r ≥ 2 and any sets
A1, . . . ,Ar ∈ Fs we also have

|A1 ∩ · · · ∩ Ar | ∈ {1
2 |A1|, . . . , 1

2 |Ar |}.

▶ In the Hadamard family: there is no r > 2 for which this
property is satisfied.



Hierarchically r -closed fractional θ-intersecting families

Definition
Let r ≥ 2 and θ ∈ (0, 1) ∩Q. A family F of subsets of [n] is called
hierarchically r -closed θ-intersecting if, for each 2 ≤ t ≤ r and any
t distinct sets A1, . . . ,At in F we have |

⋂t
i=1 Ai | ∈ {θ|Ai | :

1 ≤ i ≤ t}.
▶ If a θ-intersecting family is r -closed, then it is also s-closed for

all 2 ≤ s ≤ r .
▶ If r = 2, then this reduces to the earlier notion of fractional

θ-intersecting families.



Question.

What is the maximum size of a hierarchically r -closed
θ-intersecting family over [n], when r ≥ 3?



Hierarchically closed families
Fs is a prototypical hierarchically closed family.

In fact, if F is any hierarchically closed family, then
▶ each nonempty subfamily F(i) of i-sized sets is a sunflower;

▶ the cores of the nontrivial sunflowers form an increasing
sequence;

▶ all petals and cores are disjoint from each other (with at most
one exception: look at the set 12 in
Fs = {12, 13, . . . , 1n, 1234, 1256, . . . , 12(n − 1)n}).

Call a θ-intersecting family with these properties to be a bouquet of
sunflowers.
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Question.

Does any bouquet over [n] have size linear in n?

Answer.

Yes!



Question.

Does any bouquet over [n] have size linear in n?

Answer.

Yes!



Hierarchically closed families are linear in size

Theorem
(Balachandran–Bhattacharya–Kher–Mathew–S. 2023)
There is a constant cθ ≤ 3

2 such that, if F is an r -closed
θ-intersecting family over [n] with r ≥ 3, then |F| ≤ cθn.

When θ = 1/2,
|F| ≤ ⌊3n

2 ⌋ − 2 (∗)
for all n ≥ 2.Moreover:

1. (Tightness) The bound in (∗) is attained by Fs .
2. (Uniqueness) For any family F over [n] that attains the bound

in (∗), there is a permutation σ of [n] such that
Fs = σ(F) := {σ(A) : A ∈ F}.

3. (Stability) There exists an absolute constant C > 0 such that
the following holds. If |F| ≥ (3

2 − ϵ)n for some 0 < ϵ < 0.1,
then for some permutation σ of [n], |σ(F) \ Fs | < Cϵn.
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Another look at the two examples

Recall the sunflower and Hadamard families, Fs and FH .

▶ The sunflower family: has sets of sizes 2 and 4.
▶ The Hadamard family: has sets of sizes n/2 and n/4.



Question.

If the sets in a θ-intersecting family F are not very
large, then is the size of F linear in n?



Bounded θ-intersecting families . . .

▶ Say that a family F is w -bounded if all the sets in F have size
at most w .

▶ We now know that bouquets are linear in size.
▶ So, if we can throw away a small number of sets from a

w -bounded family F to get a bouquet, then we will obtain a
linear bound.

▶ Here w cannot be large, because of the Hadamard family FH .



Bounded θ-intersecting families . . .

Proposition (Balachandran–Das–S. 2024)
Let F be a w -bounded θ-intersecting family over [n]. Then, there
is a bouquet B in F such that |F \ B| ≤ w3.



Bounded θ-intersecting families are linear in size!

Theorem (Balachandran–Das–S. 2024)
Let θ ∈ (0, 1) ∩Q. Let w ≤ O(n1/3) be a positive real. There is a
constant C > 0 such that the following holds: for all sufficiently
large n, if F is a w -bounded θ-intersecting family over [n], then
|F| ≤ Cn.

Theorem (Balachandran–Das–S. 2024)
Let θ = a/b ∈ (0, 1) ∩Q, gcd(a, b) = 1. If F is a o(n1/3)-bounded
θ-intersecting family over [n], then |F| ≤ (Cθ + o(1))n, where
Cθ =

1
b−a

∑⌊b/a⌋
i=1

1
i . The constant is tight for θ ∈ {1/3} ∪ [1/2, 1).





A linear algebraic reformulation of the original problem
Balachandran–Mathew–Mishra (2019)

Let F be a θ-intersecting family on [n] of size m.
Let Xm×n be the incidence matrix for F , so

X (A, x) :=

{
1, x ∈ A;

−1, x ̸∈ A.

Then,

XXT (A,A) = n,

XXT (A,B) =

{
n − 2|A|+ 2(1 − 2θ)|B|, if |A ∩ B| = θ|B|;
n − 2|B|+ 2(1 − 2θ)|A|, if |A ∩ B| = θ|A|.



A linear algebraic reformulation of the original problem

Consider
M =

1
2
(nJ − XXT ).

▶ The diagonal of M is zero.
▶ The (A,B)th entry is either f (|A|, |B|) or f (|B|, |A|), where

f : F× F → F is given by f (x , y) = x + (1 − 2θ)y .
▶ If rank(M) ≥ cm, then |F| ≤ 1

c (n + 1).



A linear algebraic reformulation of the original problem

Let F be a field, a1, . . . , an ∈ F, and f : F× F → F be a function.

Let Sym(f ; a1, . . . , an) denote the collection of all the n × n
symmetric matrices over F with zero diagonal whose (i , j)th entries
are either f (ai , aj) or f (aj , ai ), for all i < j .



Question.

Is there an absolute constant c > 0 such that
rank(M) ≥ cn for all M ∈ Sym(f ; a1, . . . , an)?

Answer.

No!
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A matrix of rank at most 3

Consider the matrix

Mn =


0 1 4 · · · (n − 1)2

1 0 1 · · · (n − 2)2

4 1 0 · · · (n − 3)2
...

...
...

. . .
...

(n − 1)2 (n − 2)2 (n − 3)2 · · · 0

 ,

whose (i , j)th entry is (i − j)2. Then rank(Mn) ≤ 3 for all n ≥ 3,
since it is the sum of three rank-one matrices.



Good pairs (f , a)

Let F be a field, a be some sequence in F, and f : F× F → F be a
function.

1. We say that (f ; a) is a good pair (over F) if f (ai , ai ) ̸= 0 for
all i .

2. For θ ∈ F, we write f = fθ if f (x , y) = x + (1 − 2θ)y for all
x , y ∈ F.

3. By an we mean the tuple (a1, . . . , an).
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Question (refined).

Let (f ; a) be a good pair over F.
Is there an absolute constant c > 0 such that
rank(M) ≥ cn for all M ∈ Sym(f ; a1, . . . , an)?

Answer.

Yes, with high probability!
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A connection with tournaments

A tournament over [n] is an orientation of the edges of the
complete graph Kn.

Given f : F× F → F and a sequence a in F, for a tournament T
over [n], define the associated matrix MT ∈ Sym(f ; an) by

MT (i , j) =


0, i = j ;

f (ai , aj), i < j , i → j in T ;

f (aj , ai ), i < j , j → i in T .

Conversely, given a matrix M ∈ Sym(f ; an), we can define a
tournament over [n] (in possibly more than one way).



Matrices associated to random tournaments have high rank

Theorem (Balachandran–Bhattacharya–S. 2023)
Let char(F) ̸= 2, and let a be a sequence in F∗. For θ ∈ (0, 1),
consider the family Sym(fθ; an). Then, for a uniformly random
tournament T over [n], with high probability we have

rank(MT ) ≥
(

1
2
− o(1)

)
n.



Matrices associated to transitive tournaments have almost
full rank

Assume F has arbitrary characteristic, and θ = 1/2.

Theorem (Balachandran–Bhattacharya–S. 2024)
Let Tn be the transitive tournament on [n] with the natural
orientation. For all n ≥ 2, det(MTn(a)) satisfies

det(MTn(a)) = −a2
n−1 det(MTn−2(a))− 2an−1 det(MTn−1(a)).

Corollary (Balachandran–Bhattacharya–S. 2024)
If T is a transitive tournament on [n], then

rank(MT (a)) ≥ n − 1.



Question.

Let (f ; a) be a good pair over F.
How low can the rank of a matrix M ∈ Sym(f ; an)

be?



Low-rank matrices associated to tournaments

▶ The best-known low-rank matrices are those arising from the
maximal θ-intersecting families Fs and FH , and these have
rank 2n

3 .
▶ Let a take only two distinct values, say α and β.
▶ Let (α, . . . , α, β, . . . , β) be denoted by (α(m), β(n)).



Bipartite graphs associated to matrices in Sym(f ;α(m), β(n))

Note that Sym(f ;α(m), β(n)) has the following block matrix form:[
f (α, α)(Jm − Im) C

CT f (β, β)(Jn − In)

]
.

Here, each entry of C is either f (α, β) or f (β, α).
Let GM be the bipartite graph defined by the f (α, β) entries.



Low-rank matrices M iff high-multiplicity eigenvalues of GM

Theorem (Balachandran–S. 2024)
Let M ∈ Sym(f ;α(m), β(n)), where f (α, α), f (β, β), and
f (α, β)− f (β, α) are all nonzero. Let µ(f ;α, β) ∈ C such that

(
µ(f ;α, β)

)2
=

f (α, α)f (β, β)

(f (α, β)− f (β, α))2
.

If ν is the multiplicity of µ(f ;α, β) as an eigenvalue of GM , then

m + n − 2 − ν ≤ rank(M) ≤ m + n + 2 − ν.

In particular, if f (α, α)f (β, β) < 0, then rank(M) ≥ m + n − 2.



Low-rank real matrices in Sym(fθ;α
(m), βn)

Theorem (Balachandran–S. 2024)
Let θ ∈ (0, 1). Let β ∈ R be a root of the quadratic equation
x2 − (2 + (θ−1 − 1)2)x + 1 = 0. For every n ∈ N, there is a matrix
M ∈ Sym(fθ; 1(n), β(n)) with rank(M) ≤ n + 3.

These matrices are constructed from the complete bipartite graph
Kn,n minus a perfect matching.



Low-rank rational matrices in Sym(f1/2;α
(m), β(n))

Theorem (Balachandran–S. 2024)
For each ε > 0, there exists cε ∈ (1

2 ,
1
2 + ε) and αε, βε ∈ Q such

that there is a sequence of matrices Mn ∈ Sym(f1/2;α
(n)
ε , β

(n)
ε ) for

which rank(Mn) ≤ cεn + O(1).

These matrices are constructed from Hadamard designs.



Ruling out candidates for low-rank matrices

Proposition (Balachandran–S. 2024)
Let ∆ be a symmetric 2-(v , k , λ) design with k − λ = pm for some
prime p and integer m ≥ 1. Consider M∆ ∈ Sym(f1/2;α

(v), β(v)).
If rank(M∆) ≤ v + 3, then pm = 2.

This rules out most of the known examples of symmetric designs as
viable candidates for inducing matrices of low rank.

For instance, none of Families 1, 7, 8, 9, 13, or 14 from the
Handbook of Combinatorial Designs are viable, except for the Fano
plane PG (2, 2) from Family 1.



The Fano family

If we demand α : β :: 1 : 2, then the Hadamard construction is
longer helpful.

In fact, the Fano plane is the only symmetric design that produces
matrices of low-rank and with nonzero entries in the proportion
1 : 2 (Gordon Royle, MathOverflow).

This construction gives matrices Mn ∈ Sym(f1/2; 1(7n), 2(7n)) of
rank at most 4

7n.

Furthermore, for n = 1, there is an associated 1
2 -intersecting family

FFano over [8] of size 14:

FFano = Fs ∪ {1357, 1368, 1458, 1467}.
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